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Abstract 

Motivated by by gauge theory on G2— manifolds, we produce sev- 
eral examples of bundles satisfying an 'asymptotic' stability condi- 
tion over a divisor 'at infinity' over certain Fano 3-folds with excep- 
tional holonomy studied by A. Kovalev. Such bundles are known to 
parametrise solutions of the Yang-Mills equation over the compact 
G2— manifolds obtained from the initial Fanos by a twisted connected 
sum operation. One of our tools is a generalisation of Hoppe's stabil- 
ity criterion to holomorphic bundles over smooth projective varieties 
X with Pic A ~ Z', a result which may be of independent interest. 

1 Introduction 

This paper presents a cohomological method to construct examples of holo- 
morphic bundles, over certain Fano 3-folds, having the property of asymp- 
totic stability (see below) over a distinguished anticanonical divisor, said to 
be 'at infinity' for geometrical reasons. It is based on the theory of instan- 
ton monads developed in |Jari| . Indeed, our motivation comes from gauge 
theory in higher dimensions, particularly from the interplay between special 
holonomy in Calabi-Yau 3-folds and G2— manifolds. In [Kovi|[Kov2| , A. Ko- 
valev constructs new families of compact G2— manifolds by proving a version 
of the Calabi conjecture for certain noncompact 3-folds, then performing a 
'twisted gluing'. Subsequently, the second named author established the 
existence of G2— instantons over such manifolds, first by solving a suitable 



Hermitian Yang-Mills problem for 3-folds with tubular ends | SaEo[ |SaEi 
then by gluing such solutions compatibly with Kovalev's construction |SaE2| . 
The concept of asymptotic stability then emerges as the natural boundary 
condition for that analytical problem. 
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A base manifold for our purposes is a compact, simply-connected Kahler 
3— fold {W,oj) carrying a iTS— divisor D € [— with holomorphically 
trivial normal bundle Af^ /^y such that the complement W = W \ D has 
TTi (W) finite. Topologically W looks like a compact manifold Wq with 
boundary D x and a cylindrical end attached: 

W = WoUWoo ... 




Figure 1: Asymptotically cylindrical Calabi-Yau 3- fold W 

For such base manifolds Kovalev has proved an 'asymptotically cyl- 
indrical' Calabi conjecture Kovi Theorem 2.2], as well as a gluing theorem 
for suitable pairs, truncated 'far' down the cylindrical ends. This yielded 
several new topological types of Riemannian 7-manifolds with holonomy 
group exactly G2. 

Concretely, Kovalev obtains asymptotically cylindrical Fano 3— folds from 
several types of initial Fano varieties, including: 

(i) y = p3. 

(ii) y ^ p3. 

D 

(iii) V C P^, deg(l^) = 2. 

(iv) V C P^ deg(y) = 3. 

(v) y = p2 X pi. 

(vi) V = X22, a certain prime subvariety of P^^. 
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As to the gauge-theoretic data |SaEi| , let z = e^*^"'" be the holomorphic 
coordinate along the tube and denote the corresponding K2> component 
of the boundary. A bundle 8 is called asymptotically stable (or stable 

at infinity) if it is the restriction of an indecomposable holomorphic vector 
bundle £ ^ W such that Sl^ is stable (hence also f'l^,^ for \z\ < 6). Such a 
bundle admits a smooth Hermitian 'reference metric' Hq, with the property 
that Hq\j^^ are the corresponding HYM metrics on £'|^^, < |z| < (5, and 
which has 'finite energy', in a suitable sense. 

Our crucial motivation is the fact that, given an asymptotically stable 
bundle with reference metric {£,Hq), there exists a nontrivial smooth solu- 
tion to the G2— instanton equation on pl£ W X [ibid., Theorem 59]. 
Moreover, such solutions can be glued, according to the 'twisted connec- 
ted sum', to produce a G2— instanton over the resulting compact 7-manifold 
with holonomy G2 |SaE2| . In other words, asymptotically stable bundles 
parametrise (a possibly proper subset of) solutions to the 7-dimensional 
Yang-Mills equation. 

The present paper is organized as follows. We first establish a general- 
isation of the so-called Hoppe criterion, which gives a sufficient condition 
for a bundle over a projective varietie to be stable in terms of the vanishing 
of certain cohomologies; this is one of our main tools in the paper. The 
other important tool, discussed in Section [3l is the construction of bundles 
via monads. Section [J] is dedicated to prove that the monads considered in 
Section [3] are indeed examples of asymptotically stable bundles over all of 
the initial Fano varieties in Kovalev's list, except for case (vi), which was 
settled by Mukai in [Muk] . We complete the paper with a discussion of 
degenerations of asymptotically stable bundles to torsion-free sheaves. 
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2 Generalised Hoppe Criterion 

Let X be a nonsingular projective variety, and let S ^ X be a holomorphic 
vector bundle of rank r and ci{E) = 0. It is a well-known that if E is (slope) 
stable then hP{E) = 0, i.e. it has no holomorphic sections. 
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The so-called Hoppe criterion provides a partial converse to this result. 
More precisely, assume that Pic(X) ~ Z (such varieties are called cyclic), 
and recall that for any rank r holomorphic vector bundle E ^ X, there is 
a uniquely determined integer kE such that — r + 1 < ci{E{kE)) < 0. We 
set Enorm '■= E{—kE); we say that E is normalized li E = Enorm- We then 
have the following criterion, c.f. [HI Lemma 2.6]. 

Proposition 1. Let E be a rank r holomorphic vector bundle over a cyclic 
projective variety X. If {{/\'^ E)^ovm) = for \ < q < r — 1, then E is 
(slope) stable. If i7°((A''S)norm(-l)) = /or 1 < g < r - 1, then E is 
(slope) semistable. 

The goal of this Section is to generalise the Hoppe criterion for a wider 
class of projective varieties. To be precise, a projective variety X will be said 
to be polycyclic if Pic {X) ~ for some I > 1. Writing Tj — > X, 1 < i < I, 
for the corresponding generators and p G Z' for a vector of multiplicities, 
one defines 

Ox{p) = OxiPi, ...,Pi) = Tf ^ • • • Tf^'. 

Accordingly, given any other bundle E ^ X, its (poly)twist is denoted 

Eip) = E{pi, ...,pi) = E^Ox{pi,... ,Pi)- 

Set [hi] := ci(Tj) € Z). Given a torsion-free coherent sheaf F of 

rank s over X, we have 

det F = det (A^F)^^ = Ox{pu ■ ■ ■ ,Pi), 

where [ci(F)] = pi[hi] H \- Pi[hi]. 

Now fix an ample line bundle L — t- X, and set n := dimX. As usual, we 
define the degree of F with respect to L as follows: 

degL F = Ci{F)-U'~\ 

Let Sl he the linear functional on the lattice Z' defined as follows: 

h{Pi, ■ ■ ■ ,Pi) ■= deg^ Ox{pi, . • • ,Pi)- 

Let us now consider a few examples of varieties which satisfy the require- 
ments above. 
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Example 2 (Cartesian product). Consider the Cartesian product X = P" x 
P"* and let tti and 1^2 are the two canonical projections. Set, as usual: 

Ox{pi,P2) ■■= nlOpr^ipi) (g) 7r20pm(p2), 

and set L := Then given a torsion-free sheaf F with detF = 

Ox{pi-,P2), one has 

„ n(n + 1) ■ ■ ■ (n + m + 1) / m \ 
degi F = ^ 1 \ ^ + -P2). (2 

ml \ n / 

Example 3 (Hirzebruch surfaces). On X = Sa = P (Opi (a) © Opi) one has 
Pic {X) = "L.Sa ® Ij.H , with intersection form ^ ^ ) ' ^^^^^ ^x{p, q) 

is ample if and only if p > and q > ap, so we may adopt L = OxO-,ci + l). 
Thus if detF = Oxipi,P2), we have 

degi F = {a + l)pi +P2- api =pi+ P2. 

Example 4 (Blow-up of P^ at a I distinct points). On X := P^(Z), with ex- 
ceptional divisors Ei, . . . , Ei, one has Pic (X) = "L.Ei®- ■ ■®'L.Ei®'L.H such 
thatEk-Ej = -Skj, Ek-H = and H"^ = 1. Take L = Ox {-1, -1,1 + 1) 
as the ample line bundle, thus if detF = Ox (pi, ■ ■ ■ ,Pi+i), we have: 

degL F = pi + ---+pi + {l + \)pi+i. 

Remark 5. One easily adapt the examples above and take X to be the 
cartesian product of polycyclic varieties, e.g. X = x Ha or X = x 
Bl^P^. 



Slope stabilility will be measured with respect to L. To be precise, the 
L-slope of a torsion-free sheaf F on X is given by 

and a torsion-frcc sheaf E is said to be L-stable if every subsheaf F ^ E 
satisfies ij.l{F) < ijll{E). 

Let us now define the normalisation of of a torsion-free sheaf E oxi X 
with respect to L. First, set d = deg^(C'x(l, 0, . . . ,0)). Since 

degL{E{-k,0,...,0)) = degL{E)- Ik -lankiE) 
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there is a unique integer kE ■= \fiL{E)/(r\ such that 

1 - d • rank < degL{E{-kE,0, ■ ■ ■ ,0)) < 0; 

the twisted bundle E'L-norm := A;^;, 0, . . . , 0), is called the 

L -normalisation of E. 

Proposition 6 (Generalised Hoppe criterion). Let E ^ X he a rank r > 2 
holomorphic vector bundle over a poly cyclic variety X of Picard rank I. If 
((■^**-£')L-norm ip)) ~ ^ f'^'^ cvcry 1 < s < r — 1 and every p ^ ll such 
that 6l{p) < 0, then E is L-stable. 

Proof. Let F be a torsion free subsheaf of E with rank s and det F = Ox (o)- 
The inclusion i : F ^ E induces a nontrivial section of H^{K^ E{—q)). 
Since fiii^^E) = s^l{E), we have that K'^E{—q) = (A*£')L_nomi(fes — 
qi, -92, • • • , -qi) where kg = \snL{E)/d'\ . 

Hence, by hypothesis, < diiks - Qi, -q2, ■■■ , -Qi) = dkg - degi(F), 
thus s^l{F) < dks, thus 



s1^l{F) 
d 



d 



It follows that hl{F) < ^l{E). Hence E is L-stable. □ 

3 Monads over products of projective spaces 

Recall that a monad on X is a complex of locally free sheaves 

M, : Mo Ml ^ M2 

such that /3 is locally right-invertible, a is locally left-invertible. The (locally 
free) sheaf E := ker P/imga is called the cohomology of M,. 

Monads are a valuable tool in the theory of sheaves over projective vari- 
eties, and have been studied by many authors in the past 40 years. The 



paper |Jari| is of particular interest to us; there, the first named author 
used the so-called linear monads to produce examples of stable bundles over 
cyclic varieties of dimension 3. More precisely, the following result is proved. 

Theorem 7. Let X he a cyclic nonsingular complex projective 3— fold with 
fundamental class h := ci(Ox(l)), and c > 1 an integer; then a linear 
monad of the form 

^ Ox {-i f ^ A Ox {i f ^ (3) 

has the following properties: 



6 



• the kernel bundle K := ker (3 is a stable bundle with 

rank(ir) = c + 2, ci{K) = -c.h, C2{K) = ^ {c^ + c) .h^ . 

• the cohomology bundle E := ker/3/imga is a stable bundle with 

rank(£;) = 2, ci{E)=Q, C2{E) = c-h^. 

We will now see another instance of such construction of bundles using 
monads, obtaining stable vector bundles of rank r = 2 over the product 
X = X P™. The remainder of this Section is devoted to the proof of the 
following result. 

Theorem 8. Let X = P" x P™ with m < n, and set L := Oxil, 1). Then 
monads of the form 

^ Ox(-l,0)®" ^ of e Ox {-1,1)®" ^ Ox(0,l)®'' ^0 (4) 
with a, 6, c G N such that r := b + c — 2a = 2, have the following properties: 

• the kernel bundle K := ker f3 is a L-stable bundle of rank a + 2 with 

/^^N n(n + 1) ■ ■ ■ (n + m + 1) ( /m \ m 

degiW = ^ \ -[[- - 1 c - -a 

m! \ \ n / n . 

• for c> a, the cohomology bundle E := ker /3/imgQ is a L-stable bundle 
of rank 2 with 

n(n + 1) ■ ■ ■ (n + m + 1) / m\ , 

deg^ = ^ ^ \ ^ 1 _ _ a - c . 

m\ \ n ) 

We begin with the following two lemmata. 

Lemma 9. // + ^2 < 0, then W {Ox{qi,q2)®^) = OforO<p<n + m 
and all A; € N. 

Proof. From the Kiinneth formula, we know that 

HP{Ox{qi,q2))= HP'{Opn{p,))^HP^Opm2ip2)). (5) 

P1+P2=P 

If qi + q2 < 0, then either H°{Oj^n{pi)) = or i7°(Opm (pa)) = 0. Thus 
L[^{Ox{qi,q2)) = and, in formula ([5]), it is enough to consider summands 
with 1 < pi,p2 < p — 1 when 2<p<n + m — 1. We then conclude that 
if qi+q2 < 0, then HP{Ox{qi,q2)) = for < p < ni + - 1. Since 
C^xiqi, q2)^^ = Ox{kqi, kq2), we obtain the desired conclusion. □ 
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Lemma 10. Let A,B ^ X be vector bundles canonically pulled back from 
bundles A' P" and B' P™; then 

{s I s ki 
K]] ^ i?™ (A^(^)) ® -ff'''"" (A'~^'(S)) 
i=l \j=Om=0 



Proof. Using the following facts: 

fciH \-ks=q I i=l 

q 

m{A®B) = ^ (g)iJ«-™(B), 

s 

A"(yl(g)B) = Yk^{A)®K'-^{B). 

3=0 



□ 



Proof of Theorem [8t The claims about rank and degree K and E are im- 
mediate applications of the splitting principle, using formula Consider 
also the associated canonical diagram: 



I 

Ox(-l,0)®'^ 
i 

i 
E 

; 



Let us start with the stability of the kernel K; since deg^(i^) < (be- 
cause m < n), it is enough, by Proposition [H to prove the following fact: 



/i^A^i^(-pi,-p2)) = 0, V 



1 < s < a + 1 

Pi + P2 < 



Now, to any short exact sequence of locally free sheaves — ?• J-" — t- 
^ — 7> — 7> there is an associated long exact sequence given by successive 
symmetrisation of alternating powers: 
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Twisting the horizontal string of the diagram by Oxi—pi, —P2), this implies 

^ {A'K -p2)) ^ (A'g) ^ . . . 

with g = Of{-pi,-p2)S)Ox{-l-piA-P2)®^-By Lemma HOl {A'Q) 
expands into a sum of terms irlH^ (A^OxApi)) <S) vTgi?" (A^^-^'Oxa fe)) , 
where at least one of pi,P2 in each case is strictly negative. So we have 

h'>{A'K{-pi,-p2)) = h^{A'g)=0 (6) 

and this proves the stability claim for K. 

Let us now examine the cohomology bundle E. Since E has rank 2 and 
degj^{E) < (because c > a), it is enough to check that E{—pi,—p2) has 
no sections whenever pi+p2 > 0, by Proposition [6j This follows easily from 
dSD , Lemma O and the short exact sequence 

Ox{-l - Pi, -P2) K{-pi, -p2) E{-pi, -p2) 0. 

This completes the proof. □ 

3.1 Existence of monads over x 

The existence of monads of the form Q over a given x is a non-trivial 
matter, c.f. |Fl0| where necessary and sufficient criteria for the existence of 
monads over P" are established. Motivated by Kovalev's list, we will now 
prove the existence of monads of the form @ over P^ x P^. 

More generally, in the condition of Theorem [8] the maps a and /3 in the 
monad (H]) are of the following form 

^ and /3 = ( C D ), 

where 

A € Matc(6 X a) O (Opn(l)) B G Matc(c x a) <S) (Op-(l)) 

C e Mate (a x b) (g> (Op™(l)) D G Mate (a x c) O (Opn(l)) 

satisfy the following ADHM-type equation 

CA + DB = 0. 

Now let X = P^ X P-*^, with homogeneous coordinates [xq : xi : X2] and 
[Vo '■ Vi] on P^ and P^, respectively, and consider the explicit monad 

O^Ox ^Ox(l,0)®2eO^(0,l)®2 ^Ox(l,l) ^0 (7) 
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given by 



a 



/xo\ 

Xl 

yo 

\yij 



and /3 



[yo yi 



-xo 



-Xl) . 



Twisting by Ox{—^, 0) one obtains precisely an instanton monad of the form 
dH, with a = 1, 6 = c = 2, thus indeed 6 + c — 2a = 2. 



4 Asymptotic stability over Kovalev's examples 

Let E — 7- be a holomorphic bundle over a Fano threefold, and D C X 
a divisor with degD = d > 0, i.e., D = (0) for some section an G 
H*^ (Oxid))- Recall from the Introduction that E is said to be asymptotically 
stable with respect to D if its restriction to D is stable. 

We already know that to each case of Kovalev's list it is possible to assign 
a monad construction with stable cohomology bundle E, say. Furthermore, 
as we will now see, such bundles are indeed examples of asymptotically 
stable bundles with respect to a suitable divisor. 

In order to accomplish this goal, we will require a few general facts. 
First, note that restriction sequence is given by: 

^ Ei-d) ^ E E\^^ 0. (8) 

Moreover, we will also need the following two facts. 

Criterion 11. If F is a rank 2 bundle of degree over a cyclic variety X, 
then F is stable if and only if h^{F) = 0. 

Compare the above with |OSSl Lemma 1.2.5, p. 165] for the case X = P"; 
the proof for X cyclic is the same. 

Definition 12. A line bundle L ^ X over a projective variety of dimension 
n is said to be without intermediate cohomology (WIC) if 

if-(L-) = o, v{;=^'-"-i. 

A projective variety X is said to be WIC if the line bundle Ox(l) is WIC. 

Remark 13. It is not difficult to see, using Kodaira's vanishing theorem, 
that if X is cyclic and Fano, then the positive generator of Pic X, denoted 
Oxi^), is WIC. Furthermore, let Xi and X2 be cyclic WIC projective vari- 
eties, and set X = Xi x X2; then the line bundle Oxi^, 1) is also WIC. 
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Finally, recall also that complete intersection subvarieties of dimension 
at least 3 in P", n > 4, are cyclic and WIC. 

4.1 The r = 2, cyclic case 

Now let X be a nonsingular, cyclic Fano 3— fold, and let D C X be a cyclic 
divisor of degree d. It is easy to see that such framework includes items 
(i), (in) and (iv) of Kovalev's list. The goal of this Section is to prove the 
following result. 

Proposition 14. Let {X, D) be as above. If E ^ X arises from an instan- 
ton monad of the form (0), then E is asymptotically stable with respect to 
D. 

Note that since E can be obtained as the cohomology of a monad of 
the form ([3]), Theorem [7| guarantees that it is stable. Denoting K = ker /3 
and twisting the monad by Ox{—d), the relevant data fit in the following 
canonical diagram: 



Ox{-{d + l)f' 
i 

^ K{-d) Ox{-d)®^+^^ Ox{-{d-l))®^ ^ 

i 

^ E{-d) — > E — > E\j^ ^ 

i 


Proof. In view of Criterion [11] and since h^{E) = 0, it follows from the 
second horizontal string of the canonical diagram above that it is enough to 
show that: 

iE{-d)) = 0. 

Note that = and, since X is WIC (c.f. Remark [T3]). 

/i^ {Ox {k)) = for all € Z. Therefore, it follows from the first horizontal 
string in the canonical diagram that h^{K{-d)) = 0. Finally, one uses the 
vertical string of the canonical diagram to show that {E{—d)) = 0, as 
desired. □ 

We have therefore provided many examples of rank 2 asymptotically 
stable bundles over varieties of type (i), (Hi) and (iv) of Kovalev's list, taking 
-D to be a generic anticanonical divisor D G |— The same examples can 
be pulled back to double covers of type (ii). 
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4.2 The polycyclic case 

It remains for us to explore the possibility of generalising this method to 
cover case (v). We will work in the following more general framework. The 
first step is the following partial generalisation of Criterion 111! 

Lemma 15. Let X he a polycyclic variety X, and let L := Oxili, ■ ■ ■ ,Qi) be 
an ample line bundle on X . If F ^ X is a L-stable bundle with degi{F) < 
0, then h^{F) = 0. 

Proof. It is easy to see that if / 0, then F is destabihsed by the 

structure sheaf Ox- □ 

Now let X = Xi X X2 be a product of cyclic WIC varieties, and let D d X 
be a divisor. We will say that D has positive polydegree if D € \Ox{di.,d2)\ 
with di, ^2 > 0. Set L := Ox{^, 1) and assume that 1, 1) > 0. 

Proposition 16. Let E ^ X he a L-stable vector bundle obtained as the 
cohomology of a monad of the form 

0^Ox(-l,0)®" ^0®^eOx(-l,l)®" ^Ox(0,l)®" ^0 (9) 

such that c — a < and h + c — 2a = 2. If D d X is a polycyclic divisor of 
positive polydegree, then E\j-) is Od{^-, I) -stable. 

Proof. The hypothesis imposed imply that the cohomology bundle E is a. 
rank 2 bundle with nonpositive degree with respect to L, hence h^{E) = 
by Criterion 1151 

Denoting, as usual, {—d) for the twist by the sheaf Oxi—di,—d2), the 
corresponding canonical diagram is: 



; 
; 

K{~d) -> C'x(-d)®'' eC®"(-di - l,-d2 + 1) C'®"(-di,-d2 - 1) 0. 

^ E{-d) E ^ E\j^ -> 

; 
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Since hP{E) = 0, the bottom horizontal hne tehs us that it is enough to 
show that (^{—d)^ = 0. An argument similar to Lemma [9] guarantees 
that h'P{Ox{qi:q2)) = for gi + ^2 < and < p < 2, thus 

[Ei-d)) =h^(^K- = [Of (-1, 0) {-p - d)) = 0. 

Hence, by Proposition [6l E\j-) is stable with respect to !)• D 

Together with the monad construction in the previous Section, we have 
provided many examples of rank 2 bundles over p2 X with are asymp- 
totically stable with respect to Z? S |0£)(2,3)|, thus completing Kovalev's 
hst. 

5 Degeneration of asymptotically stable bundles 

Another illustration of the usefulness of monads in gauge theory is the mod- 
elling of degenerating instanton sequences. Concretely, let us examine the 
task of producing a one-parameter family {^'a}a>o °^ asymptotically stable 
locally-free sheaves over some complex 3-fold W admissible by Kovalev's 

construction, say W = ¥'^, such that Eq = lim £x is torsion- free. 

A— >o 

5.1 Criteria on sheaf topology and degeneration locus 

We consider a monad of locally-free sheaves of the form 

^ V(^Ox{-l) ^ W^Ox ^ U®Ox{l) 

with a G Rom{V,W)(^H^{Ox{l)) injective and /3 G Rom {W,U)(E)H^ {Ox {I)) 
surjective, as sheaf maps. Its degeneration locus is the set 

E = {z e P" I kera^ / {0}}. 

Moreover, a linear sheaf is a coherent sheaf which is the cohomology of a 
linear monad. Then we have Jar2| Prop. 4]: 



Criterion 17. Let £ be a linear sheaf; then 

1. £ is locally-free ^ T, = . 

2. £ is reflexive 4^ is a subvariety with codimS > 3. 

3. £ is torsion-free T, is a subvariety with codimS > 2. 

All meaningful deductive claims in the sequel stem from this result. 
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5.2 Example over = 

For A > 0, consider the family of linear monads over P^: 



^ Ox{-l) 




Ox{l) ^ 



with 



Z2 
AZ3 

V AZ4 / 



and 



(3 = ( -Z2 Zi -Zi Z-i ) . 



Clearly = 0, hence the associated linear sheaf E\ is locally- free. Note 
that rank(£'A) = 2, c\(S.\) = and C2{£\) = 1, but more general topological 
types can also be arranged. It follows from Theorem [7] that £\ is stable, 
while Proposition 1141 show that £\ is asymptotically stable for each A > 0. 

Now the limit £q is obviously still a linear sheaf. The new phenomenon 
of course is the fact that 



is a curve, hence Sq is a properly torsion free sheaf. One can show that 
Sq is properly semistable, see |Jar2i Proposition 14 and Example 4]. Its 
restriction to a canonical divisor D will also be a properly torsion free sheaf, 
since it intersects the degeneration locus at a single point. 

Moreover, £q\d is properly semistable; indeed, note that since we assume 
that Pic{D) = Z, it is enough to check that /i°(£'o(-1)|d) = /i°(£'o (-1)|d) = 
0, c.f. |Jar2i Lemma 13]. We already know that h^{8o{—l)\D) = 0. Since 
£q is a subsheaf of K*, we conclude that h^{K*{—l)\£)) = implies that 
h'^{£^{-l)\D) = 0; to check that h^{K*{-l)\D) = 0, simply consider the 



restriction sequence 

^ K*{-5) K*{-1) K*{-1)\d 
and note that h^{K*{-l)) = h^{K*{-5)) =0, which follows from the 



Therefore, we conclude that the limit sheaf Sq is asymptotically 
semistable. 

Note that there is nothing particular about here. Similar families of 
monads can be constructed over a wide class of projective Fano 3-folds W, 
say, using Ow{^) and the embedding coordinates to form the maps. 



So = {Zi = Z2 = 0} C P3 



sequence 



Op3(l) Op3 



en+1 



^ K* ^0. 
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